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Abstract. We initiate the study of harmonic Cheeger-Simons characters, with applications to 
smooth versions of the Geometric Langlands program in the abelian case. 



1. Introduction 

Cheeger-Simons characters, also known as differential characters, provide a useful refinement of 
integral cohomology incorporating differential forms. The original construction and basic properties 
are summarized in [2], which also details corresponding refined characteristic classes and associated 
applications. Such refinements of cohomology theories are now known as differential cohomology 
theories. A recent, elegant treatise on the subject is |10j . which includes a construction of differential 
versions of arbitrary generalized cohomology theories, together with interesting applications, such 
as to quadratic refinements of the intersection pairing on a smooth manifold. An application to 
abelian gauge theories, the simplest example being electromagnetism, can be found in [3], where 
it is shown that in the quantum theory, fluxes may not be simultaneously measurable. There have 
also been numerous other applications, either of Cheeger-Simons characters or of its equivalent, 
Deligne cohomology (cf. [1]), both in mathematics and mathematical physics. 

For a compact Riemannian manifold X, we introduce the notion of harmonic Cheeger-Simons 
characters in Definition 13.21 and establish the fundamental exact sequences that it satisfies in 
Lemma f3.3l as well as some of the basic properties such as Poincare-Pontrjagin duality in subsection 
13.11 The group of all harmonic Cheeger-Simons j-characters W{X) form a subgroup of the group 
of all Cheeger-Simons j-characters, and a crucial point established here is that Ti.'(X) is finite 
dimensional, and can be viewed as a refinement of the space of harmonic forms on X, as it also 
encodes the torsion subgroup of H'(X, Z). In fact, we establish an analogue of the Hodge theorem 
in this context in Proposition 13.41 We also compute these groups for several examples in this 
section, such as for compact connected Lie groups endowed with a bi-invariant Riemannian metric 
in Lemma 13.71 

In the last section, we introduce the harmonic Picard variety for compact Riemann surfaces, 
which is fundamental for several constructions related to the smooth analogue of the Geometric 
Langlands program in the abelian CclS6 j ctS established in Theorem 14.11 The Geometric Langlands 
program is currently of central importance in gauge theory and string theory due to the relationship 
with S-duality in supersymmetric gauge theory in four dimensions. Although still a conjecture in 
the general nonabelian case, recently several important insights have been given by E. Witten and 
his collaborators, in a series of long papers starting with [TT] . 

Acknowledgements. R.G. acknowledges the receipt of an Australian Postgraduate Award. V.M. 
acknowledges support from the Australian Research Council. 



2000 Mathematics Subject Classification. 58J28, 81T13, 81T30. 

Key words and phrases, harmonic differential characters, harmonic Cheeger-Simons characters, smooth abelian 
Geometric Langlands Program. 

1 



2 



R. GREEN AND V. MATHAI 



2. Preliminaries 

Here we recall for convenience some classical results on line bundles over surfaces and connections 
on these, whose proofs are included for the convenience of the reader. Also included are sections 
recalling results on symmetric products of surfaces and characters of the fundamental group, which 
is mainly used in fJH 

2.1. Divisor line bundles on oriented surfaces. Let X be an oriented surface, andp £ X. Then 
we can cover X with two open sets, U\ = M 2 a coordinate neighbourhood of p, and Uq = X\{p}. 
Then Uq D U x = R 2 \{0} = S 1 x R. We define a complex line bundle V p over X, called the divisor 
line bundle associated to p 6 X, by taking the transition function goi on Uq D U\ to be the pull- 
back from 5 1 of an S 1 -valued smooth map of degree one, whose homotopy class is the generator 
of // 1 (S' 1 ,Z). The choice of orientation on X induces an orientation on S 1 and hence a choice 
of generator. Since there are only two open sets in this definition, nothing further needs to be 
checked. If X is compact, then the first Chern class, ci(T> p ) € H 2 (X,'L) = 7L is the generator, 
and a refinement of this statement will be discussed in the sequel. This construction is a smooth 
analogue of the well known construction of a holomorphic line bundle associated to a point in a 
Riemann surface. 

2.2. Connections with harmonic curvature on divisor line bundles. Now suppose that X 
is a compact oriented surface. Choose a Riemannian metric g on X with volume form V and total 
volume 2ir. Then V is a harmonic 2 form, which represents the image of the generator of H 2 (X, Z) 
in H 2 (X, R). We will now construct a connection, V p , with curvature V, on the divisor line bundle 
V p associated to a point p £ X. 

We shall use the language of currents, or distributional forms. On an n-manifold M, a smooth 
A;- form a defines a linear form on £l n ~ k (M) by 

(a, (3) = a A (3 
Jm 

and then by Stokes' theorem 

(da, (3) = (-l) fc+1 (a, d(3). 

The theory of de Rham currents considers general continuous linear functionals on J7 n_fc (M), rather 
than just those coming from k-forms as above. In particular, an example in the case k = n is the 
Dirac delta function 5 P associated to a point p G M, defined as S p (4>) = (j)(p). There is also an 
analogous Hodge theory of currents (cf [3]). 

The homology class of a point p£Xis dual to the de Rham cohomology class of V/2ir. In terms 
of currents, the degree 2 current V — 2ir5 p is null cohomologous. It follows from the Hodge theory 
of currents that there is a degree 2 current Hq such that 

AH = V-2it5 p . 

The current Hq is unique up to the addition of a constant multiple of V, and by elliptic regularity 
Hq is a 2-form which is smooth except at p where the function <j) = *Hq has a singularity of the 
form (f> = constant, log(r) + . . . Choose a local smooth 2-form H\ on the coordinate neighborhood 
Ui such that AHi = V and define the 1-forms Fq = d*H on Uq = X\{p} and Fi = d* Hi on 
U\. Note that Fq is now independent of the choice of Hq. Then dFo = dd*HQ = AHq = V on Uq 
and dF\ = dd*H\ = V on U\, therefore d(F\ — Fq) = on Uq D U\. Hence, the locally defined 
1-forms {F\, Fq} will patch together to give a connection on the line bundle T> p with curvature V, 
provided (Fx —Fq)/2tt = dlog(poi) on the overlap UqDUx = M 2 \{0} determines a cohomology class 
which is the generator of -ff 1 (M 2 \{0}) = Z. Consider a closed ball B centred at p in the coordinate 
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neighborhood U\ and ip a smooth function of compact support in XJ\ which is identically 1 in a 
neighborhood of B. By the definition of Hq and H\, 

(dd*H ,ip)= [ ipV-2iv<p(p) and f ipdd* Hi = [ tpV, 

so subtracting, 

(d(d*H -d*Hx),<p) = -2tt 

since <p = 1 near p. Since d*Ho — d*H\ is a smooth closed 1-form outside p, so we can equivalently 
consider its restriction to B, and since tp = 1 on B, we see by Stokes theorem that, 

-2vr = (d(d*H - <THi),<p) = [ d(d*H - d*Hi) = [ (d*H - d*Hi). 

Jb JdB 

Thus (i 7 ! — Fq)/2tt = d*(H\ — H)/2k determines an integral cohomology class, which is a generator 
of the cohomology group as asserted. Thus we have produced a connection on the divisor line 
bundle T> p , represented by the pair of local 1-forms {Pi, Fq} = V p , whose curvature is equal to the 
harmonic 2-form V . 

2.3. Symmetric products of spaces. Let M be smooth manifold. On the n-fold Cartesian 
product M n , one can define an action of the symmetric group S n as follows. Recall that S n 
consists of bijections 9 : {1, 2, . . . ,ra} — > {1, 2, . . . , n} (also called permutations of n letters) and has 
order equal to n!, where S2 = ^2 and S n is nonabelian when n > 2. The action of S n on M n is 
given by 

M n x S n — ► M n 

((x 1 ,...,X n ),9) ► (X (i), . . . ,X 6 (n)) 

The quotient M n /S n is an orbifold denoted by Sym^^M) and is called the n-th symmetric product 
of M. It consists of all the unordered n-tuples of points in M. 

In the special case when dim(M) = 2, the symmetric product Sym^ n ^(M) is not just an orbifold, 
but is a manifold; details can be found in [6], page 236. The key point is the observation that 
Syrr/ n )(C) is diffeomorphic to C n via the diffeomorphism 4> given by 4>(z\, . . . z n ) = (a± , . . . a n ) , 
where cr,-, j = 1, . . . , n are the elementary symmetric functions in z\, . . . , z n , that is, the coefficients 
of the polynomial p(z) = YYj=i ( z ~ z j)- 

For example, Sym^^CP 1 ) ^ CP", which can be deduced using the Schubert cell decomposition 
of CP 1 and CP n . Also, Sym (n) (T 2 ) is a fiber bundle over T 2 with fiber diffeomorphic to CP™" 1 , cf. 
|12j . This description enables one to determine many useful facts about the topology of Syrr/ n )(T 2 ). 

The product map M n x M m 1— >• M n+m descends to a continuous map of the quotient spaces 

hr^n ■ Sym( m )(M) x Sym( n )(M) -» Sym( m+n )(M), (2.1) 

and is given by ([xi, . . .,x m ], [yi, . . .,y n ]) [xi, . . . , x m , yi, . . .,y n ]. 

Choosing a point p € M determines an embedding M n ^> M n+1 given by (x±, . . . ,x n ) — > 
(xi, . . . , x n ,p), and the embedding SymW(M) Sym^ n+1 ^(M) given by [xi, . . . , x n ] — » [x±, . . . , x n ,p\. 
Define 

Sym(°°)(M) = J Sym( n )(M) 

n>l 
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in the weak topology. It is a commutative, associative H-space with a strict identity element. The 
Dold-Thom theorem (cf [8]) asserts that there is a homotopy equivalence 

Sym(°°)(M) ~ J] K(H n (M,Z),n) (2.2) 

n>l 

where the right hand side denotes the cartesian product of Eilenberg-Maclance spaces. In particular, 
when M is a compact Riemann surface of genus equal to g, one has the homotopy equivalence 

Sym(°°)(M) ~ T 29 x CP 00 

If / : M — > N is a continuous map, then it induces in a natural way a map on the cartesian prod- 
ucts f n :M n -> N n , which descends to a continuous map Sym (n) (/) : Sym (n) (Af) -> Sym (n) (JV). If 
/, g : M — > N are continuous maps that are homotopic, then so are the continuous maps Sym ( - Tl ^(/) 
and Syvr\( n \g). In particular, if there is a homotopy equivalence M ~ N, then there is a homotopy 
equivalence Sym( n )(M) ~ Sym( n )(iV). 

2.4. Characters of the fundamental group and of the first homology group. Suppose M is 
path connected. Then the Hurewicz theorem gives a canonical homorphism (ft : m(M) — ► H±(M, Z), 
which is surjective, and has kernel the commutator subgroup [tti(M), tti(M)] of 7ri(M). As such, 
this homomorphism descends to an isomorphism between the abelianization of the fundamental 
group, 7Ti(M) a fe = H\(M, Z). Since every character of tti(M) factors through its abelianization, 
it induces a character of H±(M, Z). Conversely, every character of H\(M, Z) pulls back via (ft to 
a character of 7V\(M). This sets up a bijective correspondence between characters of ~k\{M) and 
characters of Hi(M, Z). The following proposition, which will be used in §4, is due to [7] and asserts 
in particular the surprising fact that the fundamental group of symmetric products of a Riemann 
surface, is abelian. 

Proposition 2.1. If M is a Riemann surface and n > 1, then 

7ri(SymW(M)) = #i(M,Z), 

Corollary 2.2. The characters of iri(M) are in bijective correspondence with the characters of 
7ri(Sym( n )(M)). 

3. Harmonic Cheeger-Simons characters 

We begin by reviewing the definition and some basic properties of Cheeger-Simons characters on 
a smooth manifold X, cf. [2j[3J[T0]. If X is a compact Riemannian manifold, then we introduce the 
notion of harmonic Cheeger-Simons characters in Definition 13.21 and establish the basic properties 
in Lemma 13.31 and Proposition 13.41 

Definition 3.1. A Cheeger-Simons j-character is an element x € Hom(Zj_i(X),R/Z) such that 
there is a j-form F x on X with the property that if S G Bj^i(X), i.e £ = dQ, then 

X(E) = [ F x mod Z. 

This automatically implies that Fx is a closed j-form, with integral periods, which we shall 
write as F x € VtLiX). The form F x is uniquely determined by the character Xi an d referred to 
as its fieldstrength or curvature. The group of Cheeger-Simons j-characters is denoted by H J (X), 
where the group law is given by pointwise sum of Cheeger-Simons characters. We often also denote 
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elements in H 3 {X) by [A], where A is a locally defined (j — l)-form on X sometimes called a vector 
potential, such that dA is the globally defined form given by the fieldstrength. 

In addition to the mapping F : H 3 (X) — > il^(X) given by the fieldstrength, there is a mapping c : 
H 3 {X) — > H J (X,Z), called the characteristic class map, for which the following diagram commutes 

w{x)— F -^n{(x) 

c 

W(X,Z) *-H*(X,R). 

Here the rightmost arrow is given by taking de Rham cohomology classes, and the bottom arrow 
is induced by the inclusion Z — > R. 

There are two fundamental exact sequences associated to H^X). The first is related to the 
fieldstrength and given by 

-» H j - l (X,R/Z) -> H j (X) 4 -» 0. (3.1) 

The other is related to the characteristic class and given by 

-» Q j - 1 (X)/QP- 1 (X) -» # J '(X) A H j (X,Z) -» 0. (3.2) 

These exact sequences give a picture of the structure of the Cheeger-Simons cohomology groups, 
viz that they are infinite dimensional, with components labelled by H J (X, Z) and each component 
is a torus bundle with typical fiber H^~ l {X,'L) ® R/Z, over the infinite dimensional vector space 
n^~ 1 (X)/ni~ 1 (X), where ^{^(X) denotes closed forms. 

In particular, the exact sequences (|3,ip and (|3.2p show that the Cheeger-Simons groups H'(X) 
can be viewed as a refinement of the de Rham cohomology of X, as it also encodes the torsion 
subgroup of H'(X, Z). 

If X = (X,g) is a compact Riemannian manifold, then the space of harmonic j-forms 7i 3 {X) 
can be defined and is, by the Hodge theorem, isomorphic to H^M, R), while the harmonic j-forms 
with integral periods 7i J z (X) form a lattice isomorphic to the image of H J (M,Z) in H J (M, R). In 
this situation we will define as follows, a finite dimensional subgroup of the full Cheeger-Simons 
character group which encodes the same topological information. 

For the remainder of this section, let X be a compact Riemannian manifold. The following is the 
main new definition that we introduce in the paper. 

Definition 3.2. A harmonic Cheeger-Simons j -character is a character x £ H J (X) whose field- 
strength F x is a harmonic differential form. 

Remark. The harmonic Cheeger-Simons j-characters form a subgroup of H 3 (X) which we denote by 
7^ J (X). The crucial point established in the following Lemma is that Ti.*(X) is finite dimensional, 
and can be viewed as a refinement of the space of harmonic forms on X, as it also encodes the 
torsion subgroup of H'(X, Z). Moreover, it has many properties analogous to the full Cheeger- 
Simons character group. 

Lemma 3.3. There are two fundamental short exact sequences associated to WiX), namely a 
fieldstrength sequence, 

-> ff'-^R/Z) -» W{X) 4 n{(X) -> 0, (3.3) 
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and a characteristic class sequence, 

o -> n j - 1 (x)/ni~ 1 (x) -> w'pO A H j (x,z) o. (3.4) 

Proo/. The restriction of F : -> ^(X) to 7#(X), F res : 7#(X) -> ?4(X), is by definition 

surjective. Since ker(F) C it follows that ker(F res ) = ker(F) ~ H 3 ~ X (X, R/Z). From which 

we deduce the exact sequence (|3.3p immediately. 

The restricted map c res '. "ht 3 (X^ — ► / (A\ Z) can be seen to be onto as follows. Consider a 
class [u] £ H 3 (X,'Z). Then by the Hodge theorem, there is a harmonic form h € 7i 3 (X) such that 
[u] = [h] as real cohomology classes, and hence h — u = 5T for some cochain T £ C k ~ 1 (M, R). 
Restricting T to cycles Z^_\{X) and reducing modulo Z gives the required harmonic character 
X = T\z k _ 1 with characteristic class c(x) = [«]. 

The kernel of c res can be computed by considering the map 

^:^~ 1 (X)/n{~ 1 (X)^W(X) 

appearing in (|3.2p . which maps onto ker(c). This map 93 takes a £ J1 J (X) (viewed as a cochain 
via integration over chains) to the differential character f a = a\z i ^ 1 which has curvature da. The 
Hodge decomposition implies that closed forms split as Q? d {X) = B 3 (X) W^X), where B 3 {X) 
denotes exact forms. It then follows that ( / ?~ 1 (ker(c) C\W{X)) = 9 J j ~ 1 {X)/Qp~ 1 {X). Finally, the 
inclusion Ti 3 (X) — > Q? cl (X) induces, via the Hodge theorem, an isomorphism TL 3 (X) /Tl J z (X) — > 
Q- l cl (X)/Q :, z (X), so that the exactness of (|3.4p follows. 

□ 

The analogue of the Hodge theorem in this context is the following. 

Proposition 3.4. The inclusion i : 7i 3 (X) H 3 {X) is a homotopy equivalence (and is in fact a 
deformation retraction). 

Proof. From the short exact sequences (|3.ip and (|3.3p , we see that the quotient group H 3 (X) /W (X) 
is isomorphic to the quotient ^l J l (X)/H J z (X). Since B 3 (X) is a subgroup of Qg(X), the Hodge 
decomposition implies Q%(X) = B 3 (X) (BTl%(X). Hence the quotient Q^{X) /Ti^X) is isomorphic 
to B 3 (X), which is contractible, and the assertion follows. □ 

We now give some examples of the group of harmonic Cheeger-Simons characters. 

(1) When X = pt, the only nontrivial groups of harmonic Cheeger-Simons characters are 
H°(pt) = Z and H l {pt) = R/Z. 

(2) If X is a compact, connected oriented Riemannian manifold of dimension equal to N, then 
H (X) = Z and li. N+l {X) = R/Z. More precisely, the isomorphism is defined as follows. 
Any class in Ti. N+1 (X) is topologically trivial, hence any vector potential is a globally 

defined form A £ Q N (X), and the integration homomorphism '■ i~i N+l {X) — > R/Z is 
given by 

/ [A]= [ A mod Z. 
Jx Jx 

It is just the restriction to 7i N+l {X) of the integration map on the group of Cheeger-Simons 
characters H N+1 (X). 

(3) Using the fundamental exact sequence of Lemma 13.31 we see that 

U X {X) ^R/ZxHl{X). 
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It is well known (and easy to show) that H\X,Z) [X,R/Z] and that H X (X) ^ C°°(X,R/Z). 
There is an analogous interpretation of the group of degree 1 harmonic Cheeger-Simons characters, 
given in terms of harmonic maps, defined as follows. 

Definition 3.5. A smooth map / : X — > R/Z is said to be harmonic if log(/) : X — > R is a 
harmonic function, where X denotes the universal cover of X, and where we observe that 7* log(/) = 
l°g(/) + c 7i ^7 £ 7r i(-^)i where c 7 6 2-7rZ. Let Harm(X, R/Z) denote the space of all harmonic 
functions from X to R/Z. 

The interpretation is then given as follows. 

Lemma 3.6. Let X be a compact, connected oriented Riemannian manifold. Then 

H X {X) ^ Harm(X,R/Z). 

Proof. We show that via the isomorphism C°°(X,R/Z) ^ ^(X), the subgroup Harm(X, R/Z) of 
C°°(X,R/Z) corresponds to the subgroup H l {X) of H 1 (X). If / G C°°(X,R/Z) then consider the 
closed 1-form on X, 6 = d(log(/)). Now 7*6* = d7*(log(/)) = d(log(/)) = 0, therefore descends 
to a 1-form 6 on X, which coincides with the fieldstrength of /, viewed as a differential character. 

If / G Harm(A",R/Z), log(/) is a harmonic function on X, and d*(6) = d*d(log(/)) = 0. There- 
fore 6 is a harmonic 1-form on X and hence 0, the fieldstrength of /, is a harmonic 1-form on 
X. 

Conversely if / has fieldstrength G 7i\(X), then d(log(/)) = tt*9, where it : X — > X is the 
projection map. Since is harmonic, we have d*d(log(/)) = d*ir*8 = 0. So / G Harm(X, R/Z). □ 

3.1. Poincare-Pontrjagin duality. For a compact, connected, oriented manifold X, Poincare- 
Pontrjagin duality asserts that there is a perfect pairing defined by, 

(.,.) :W{X) x H N+1 -j(X) — ► R/Z, 

/■£ (3.5) 

(Xl,X2> = / Xl*X2 

where * is the star product on Cheeger-Simons characters. We caution the reader that the product 
of harmonic Cheeger-Simons characters is a Cheeger-Simons character, but which may not be 
harmonic. This is because the field strength F xlirX2 = F Xl A F X2 is not necessarily a harmonic form 
even though F Xl and F X2 are harmonic forms. What is meant by a perfect pairing is that every 
homomorphism W{X) — > R/Z is given by pairing with an element of 'H N+1 ~^ (X). 

In order to justify Poincare-Pontrjagin duality, we consider two exact sequences. The first is the 
fieldstrength sequence in degree j 

-> £p _1 (x,R/z) A n j (x) 4 n{{x) -» o, (3.6) 

together with the characteristic class sequence in degree iV + 1 — j, 

_> H N ~ j (X)/H%- j (X) ± H N+1 - j (X) A H N+1 ~ j (X,Z) 0. (3.7) 
Recall that there is a standard perfect pairing 

iP'-^XjR/Z) x H N+1 ~ j {X;Z) -» R/Z 
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given by multiplication and integration, and also the perfect pairing, 
H{(X) x (H N -\X)/H%- j {xj) ^R/Z 



(F, Ad) — > / FAA D mod 
Jx 



These pairings induce isomorphisms which we denote by 

a : W^iX.R/Z) -> Rom(H N+1 - j (X,Z),R/Z) 

and 

/? : H{(X) - Hom(^'(X)/<- J '(X),R/Z) 

respectively. The pairing given by (|3.5p induces a mapping : W(X) — > Hom(?T! Ar+1 ~- 5, (X),lR/Z). 
We deduce that <£> is an isomorphism as follows. The functor Hom(-,M/Z) is exact, so when applied 
to (|3.7p we obtain an exact sequence which can be combined with the exact sequence (|3.6p into the 
following diagram, 

«-£TJ- 1 (X,R/Z) ^W(X) ^Wi(X) ^0 



D(H N+l ~i{X, Z)) D{H N+1 -i{X)) D{H N ~ j (X)/n^~ j (X)) »- 0, 

where we have abbreviated Hom(-,]R/Z) to D(-). An elementary fact from homological algebra, 
known as the 'short five lemma', states that for any such diagram with exact rows which is com- 
muting and where a and (3 are isomorphisms, (p must also be an isomorphism. Since here a and (3 
are known to be isomorphisms, it only remains to show that the diagram commutes to apply this 
lemma. 

To see that the right square commutes, consider x £ W(X) and h 6 Tt N ~i (X). Then it is 

sufficient to show that fS x * Fyh) = j x F x A h mod Z. However the product on H'(X) satisfies 
X*I(h) = I(F X A h) so 

I x * 1(h) = / I{F X Ah) = / F x A h mod Z. 
Jx Jx Jx 

Now consider a 6 W~ l (X,R/Z) and X e H N+1 ~ j (X). Then since t(a) * x G H N+1 (X) there 
is a form r E ^^(X) such that t(a) * x = ^( r )- However t(a) *x = <-( a U c (x))> so h must have 
vanishing fieldstrength, cir = 0, and r mod Z is a representative cocycle for a U c(x). Hence 

f t (a)*x= / r mod Z = t(I) mod Z = (a U c(x))[X], 
Jx Jx 

and it follows that the left square in the diagram commutes. 

Since the hypotheses of the 'short five lemma' hold, we deduce that ip is an isomorphism, giving 

the Poincare-Pontrjagin duality (13. 5p . 



3.2. Harmonic Cheeger-Simons characters on compact Lie groups. Here we will identify 
harmonic Cheeger-Simons characters on a compact connected Lie group G. A Cheeger-Simons 
character x on G is said to be left invariant if L*(x) = X f° r an 7 £ G, where L 7 denotes left 
translation by 7 £ G. x is said to be right invariant if -R^(x) = X f° r au 7 £ G, where 
denotes right translation by 7 6 G. x is said to be bi-invariant if it is both left invariant and right 
invariant. Clearly the fieldstrength of a bi-invariant Cheeger-Simons character is a bi-invariant 
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differential form. Let H 3 (G) tnv denote the subgroup of all bi-invariant Cheeger-Simons characters 
on G. 

Lemma 3.7. Let G be a compact connected Lie group endowed with a bi-invariant Riemannian 
metric. Then the harmonic Cheeger-Simons characters on G are precisely the bi-invariant Cheeger- 
Simons characters on it. 

Proof. Since G is connected, it acts trivially on H 3 (G, R/Z), and we can choose an equivariant set 
theoretic splitting of the fieldstrength exact sequence. This splitting then induces an isomorphism 
of G-sets (f> : H 3 \G) ~ H J ~ 1 (G, R/Z) x fi^(G), which is compatible with the fieldstrength map, 
F o <j) = p 2 , where pi is projection onto the second factor. Prom this we deduce that a character is 
bi-invariant if and only if it has bi-invariant curvature. By a theorem of Hodge, cf. Theorem 7.8 
in [D], the harmonic forms on G coincide with the bi-invariant differential forms on it, and so the 
bi-invariant characters are precisely the harmonic characters. 

□ 

The star product xi * X2 of harmonic Cheeger-Simons characters Xji 3 = 1)2, is not in general 
a harmonic Cheeger-Simons character, since the fieldstrength satisfies F XlicX2 = F Xl A F X2 , and 
because it is well known that the wedge product of harmonic forms is not in general a harmonic 
form. However, in the case of compact connected Lie groups, we can use the Lemma 13.71 above and 
the fact that the wedge product of bi-invariant forms is bi-invariant, to deduce the following. 

Corollary 3.8. Let G be a compact connected Lie group endowed with a bi-invariant Riemannian 
metric. Then the star product xi * X2 of harmonic Cheeger-Simons characters Xji 3 = 1>2, is a 
harmonic Cheeger-Simons character. 

4. The harmonic Picard variety and the smooth geometric Hecke correspondence 

In this section, we introduce the harmonic Picard variety, which is fundamental for several 
constructions. We also establish the geometric Hecke correspondence for the abelian group U(l) in 
the smooth context. This correspondence in the holomorphic context was established by Deligne, 
cf. the nice lecture notes [5]. 

4.1. Geometric Hecke operators. Suppose that X is a compact oriented surface with a Rie- 
mannian metric g on X whose volume form is V and whose total volume is equal to 2tt. Then 
define the harmonic Picard variety, 

Pic(X, g) = {(£, V)|F V = W for some fceZ}/~, 

where £ is a complex line bundle over X, V a connection on C whose curvature 2-form is equal 
to -Fvj and ~ denotes isomorphism of line bundles with connection. It is well known, cf [1] 1 1Q|. 13] 
and references therein, that the 2nd Cheeger-Simons cohomology group H 2 (X) is isomorphic to, 
{(£, V)} / ~, where C is a complex line bundle over X, V a connection on C, and ~ denotes 
isomorphism of line bundles with connection. Under this isomorphism 7i 2 (X) C H 2 (X) corresponds 
to (isomorphism classes of) line bundles with connection with harmonic curvature. Since X is 
compact and connected, H 2 (X, R) ~ R, which with the Hodge decomposition implies, 

Pic(X,g)^H 2 (X). 

Therefore Pic(X, g) is a finite dimensional Lie group and has components labelled by the integers, 
with Pic(X, g)(°) being canonically isomorphic to the Jacobian variety Jac(X) of flat line bundles 
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modulo gauge equivalence. Jac(X) is equivalently described as the space of all flat connections 
modulo gauge equivalence, 

Jac(A) = {(£,V)|F V =0}/~, 

since the holonomy of a flat connection on a line bundle determines a character of the fundamental 
group, and vice-versa. Since the de Rham operator d is a flat connection, and since any two 
connections differ by a closed 1-form, and gauge transformations can be identified with closed 
1-forms with integral periods, then we see that Jac(X) = H 1 (X,~R)/H 1 (X,'E), so in particular 
7Ti(Jac(X)) = H 1 (X, Z). Moreover, by Abelian Yang-Mills theory, one also sees that all of the other 
components Pic(X, g)( n \ n G Z \ {0} of Pic(X, g) are (non-canonically) isomorphic to Jac(X). 
Consider the geometric Hecke operators, 

M p : Pic(X,g)^ — ► Pic(X, 5 )( n+1 ) 

(£, V) — ► (£ ® V p , V <g> 1 + 1 ® V p ) 

which induce the map, 

H : X x Pic(X, 5 )( n ) — > P\c(X,g)( n +V 

(p,(AV)) — ip(AV). 

The main theorem of the section is, 

Theorem 4.1. Given aflat line bundle L over X , there exists a unique flat, line bundle KLl over 
Pic(X, g), satisfying the Hecke eigenvalue property: for (£, V) G Pic(X, t/)^ and p € X, 

^ L Up(£,V) = L P® ^l(£,V)- 

Globally, the Hecke eigenvalue property can be rephrased as, 

WK L = LMK L . (4.1) 
XTie Hecke correspondence is the bijection, 

Jac(X) i-> Jac Heckc (Pic(X,c/)) 
L t — ► K L . 

Here Jac Hecke (Pic(X, g)) is the subspace of Jac(Pic(X, g)) consisting of all those flat line bundles 
on Pic(X, g) that satisfy the Hecke eigenvalue property (14. ip . 

Proof. It is easy to construct 6 Jac(Jac(X)), as follows. A flat line bundle L over X is 

equivalent to a character pi, of the fundamental group tv\{X). Also, a character pi of tti(X) factors 
through a unique character p' L of the Abelianization iri(X) a b = H\(X,'Z) of the fundamental 
group tti(X). Since the Riemann surface is oriented, Poincare duality gives a natural isomorphism 
Hi(X, Z) ^ fl^JS^Z) = vri(Jac(A A )). Then the definition of /c[ 0) is the flat line bundle over 
Jac(A) = Pic(X, g)W determined by the character p' L of the fundamental group 7Ti(Jac(X)). 

We begin by defining Kl over Pic(X, g)^ for all n > 0. Let pj : X n — > X denote the projection 
to the j-the factor for j = 1, . . . ,n. Recall that the external tensor product L^ n is defined as the 
tensor product &)j = iPjL of flat line bundles PjL, j = 1, . . . ,n over X n , and so is also a flat line 

bundle over X n . Also, there is an action of the symmetric group S n on LP n given as follows. 

(( Vl m...^v n ),0) — ► (« e(1) Ki...H^ (n) ) 
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The invariant vectors Syrn^ (L) := (L^ n ) Sn is a flat orbifold line bundle over the orbifold Sym^(M), 
defined by the character SyxvS n \pL) of the fundamental group of Sym^ n \X), or equivalently by a 
character Sym^ n \p' L ) of its first homology group. Consider the canonical map h : Sym (n) (X)x A -> 
given by ([xi,.. .x n ],x n+ i) i— > [xi, . . . , cc n +i]. Then clearly 

/i*(Sym( n+1 )(L)) =L§ SymW(L). (4.2) 

Therefore Syrr/ n )(L) satisfies the analogue of the Hecke eigenvalue property. More generally, 

h* mn (Sym( m+n \L)) = SymM(L)KSym( n )(X). (4.3) 



where h m>n is defined in fl2.1|) . 

The smooth Abel-Jacobi map 4 : X -> Pic{X,g)W defined by p i-> [(V p ,V p )], extends to 
A n : Sym W (X) Pic(X, <?)(«) given by [pi, • • • , Pn] ^ [(®" = i V Vi , V Pl ® 1 + . . . 1 ® V Pn )] (notice 
that the last map is well defined since Pic(X, g) is an Abelian group). The following diagram is 
commutative, showing the compatibility of the various maps 

Sym^(X) x Sym^iX) Sym {m+n \x) 

(4.4) 

Pic(X,#)M xPic(X, 5 )( n ) — Pic(X, 5 )( m+n ) 

The Abel-Jacobi theorem asserts that A n induces an isomorphism, 

ffi(SymWpr),Z) - ffi(Plc(X, Z), 

for all n > 0, which is closely related to Proposition 12. 1\ since by that proposition, 7ri(Syrr/ n )(X)) is 
an abelian group, and so by the Hurewicz theorem, it is naturally isomorphic to Hi(Syn\( n ' (X), Z). 
Via this isomorphism, the character Sym^ n \p f L ) also defines a flat line bundle Kr™ over Pic(X, g)( n \ 
since the flat line bundle Sym (n) (L) over Sym( n )(X) has the analogue Hecke eigenvalue property cf 
equation (|4.2j) . it follows that for all n > 0, the Hecke eigenvalue property also holds for the flat 

line bundle Kj/ over Pic(X, g)^ as claimed. 

Note that, if we can define the flat line bundle fC L over Pic(X,g)^ then we can uniquely extend 
JCl to a flat line bundle /C^ 1 ^ over Pic(X, g)^ n ~^ via the Hecke eigenvalue property as follows. 
By the global Hecke eigenvalue property, WK.^ = LM 1C£ . Then 

(L* M 1) ® M*/cS™ } (L* H 1) ® (L B /C^" 1} ) ^ 1 B ^ n ~ 1} 

determines the flat line bundle K/£ ^ over Pic(A, <7)( n_1 ). By induction, it follows that we can 
uniquely extend K^j} over Pic(X, g)^i) for all j <n and having the Hecke eigenvalue property. 

This completes the construction of the flat line bundle Kl over Pic(A, g) having the Hecke 
eigenvalue property. 

Suppose that Kl is the trivial bundle. Then by the Hecke eigenvalue property, it follows that 
L is trivial, and therefore the Hecke correspondence is injective. On the other hand, suppose that 
/C G Jac (Pic(X, g)). Then define the flat line bundle L := /C|„ over X, where X is identified 
with its image under the (injective) Abel-Jacobi map A : X — ► Pic(X,g)^ C Pic(X, g). By 
injectivity of the Hecke correspondence, fC is equivalent to JCl- 

□ 
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4.2. Primitive property of flat line bundles. The harmonic Picard variety Pic(X, g) is an 
Abelian Lie group under tensor product, 



Equivalently, for all elements C, £ G Pic(X, g), we must have: 

Lc®c — Lc ® L a . 

Recall that this is equivalent to the requirement that the total space of the flat principal circle 



This is but a special case of a more general result that we will now prove. 

Lemma 4.2. Let G be a Lie group with fundamental group nx(G). Let x '■ 7T i(G) —> £7(1) be a 
character of the fundamental group, and P x = G x x £7(1) be the associated flat principal £7(1)- 
bundle, where G denotes the universal covering space of G, which is always also a Lie group. Then 
P x is a Lie group, which is a U(l)- central extension of G. 

Proof. To see this, recall that P x consists of equivalence classes of pairs (g,z) £ G x £7(1), where 
(g,z) ~ (gn, x(n)~ l z). Consider the product (g, z)(g' , z') = (gg',zz'). We need to show that this 
is well defined. But (gn, x^)" 1 z)(g'n' , x(n')~ l z') = (gng'n! , x( nn ')~ l zz ') = (gg' nn \ x( nn ')~ l zz ')i 
where we use the fact that ix\(G) is a subgroup of the center of G. This shows that the product is 
well defined, and that {1} x £7 (1) is a central subgroup of P x , and therefore that P x is a £7 (l)-central 
extension of G as claimed. □ 

Corollary 4.3. For any flat line bundle L over X, the associated flat line bundle ICl is a primitive 
line bundle over the Abelian Lie group Pic(X,g), i.e. it satisfies 
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The main result in this section is that any flat line bundle L on Pic(X, g) is a primitive line bundle 
in the sense that it satisfies, 

^L = LM L. 
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